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Abstract 
The present paper proposes a new and more accurate fatigue life prediction model for fillet welded joints in steel subjected to 
constant amplitude loading. With the traditional fracture mechanics approach, the greatest difficulty when computing the fatigue 
life of a welded detail is to determine the initial crack size a0. The classical way to determine the stress intensity factor K (SIF) is 
by using the following formula  
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Where σ is the applied stress, a is the crack size and  Tag is the geometrical correction factor which has been determined by 
Gurney function or similar solutions. This approach is not accurate for short crack because of the singular V-notch behaviour 
close to the crack tip is not taken into account. In fact, the singular behaviour at this point has a great influence on the SIF 
calculation. The present work proposes an alternative approach based on the determination of the Energy Release Rate (G) in the 
V-notch region at the weld toe in order to calculate the stress intensity factor as follows 
GEK   (2) 
E being the Young’s modulus. Once the ΔK is determined for varying stresses, we can calculate the life fatigue based on the Paris 
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crack propagation law. The size of the weld toe region influenced by the singular V-notch behaviour is based on experimental 
work concerning a cruciform steel joint subjected to an applied axial stress of 150MPa and a weld angle of 45°. Based the same 
conditions as in these experimental tests, we compared the results from the classical Gurney’s approach with the results from the 
present methodology. The experimental results in terms of fatigue life and crack length were used as reference. When the crack 
growth rate is plotted against ΔK we can see that, in our approach two slopes appear. The first slope that corresponds to the short 
crack propagation in the weld toe region and the second slope that corresponds to the stable crack propagation far from the weld 
toe region. Also, for short cracks, our approach is closer to the experimental results than the Gurney’s approach. Moreover, with 
our approach, we do not need to introduce the real initial crack size at the weld toe. It is demonstrated how the time consumed for 
short crack propagation becomes the dominant part of the entire fatigue life at low stress levels. The short crack propagation is 
more accurately described by the present model than in traditionally approaches. Future extensions of the present work will deal 
with the introduction of the influence of the weld toe radius and the material characteristics of the HAZ on the fatigue life 
duration.  
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of tru ural Engin ering. 
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1. Introduction 
Nowadays, welded joints are used in many structures like aeronautics, spatial, defense, nuclear and energy 
industries. They contain material defects or geometrical discontinuities. The fatigue damage of the welded joints is 
often localized at the weld toe. The weld toe region contains two types of singularities: one is related to weld angle 
considered as a V-notch, see Fig. 1, and the second one to weld radius which will be considered as zero in this 
paper.  
 
 
 
 
 
 
 
Fig. 1. Definition of specimen and toe geometry for a fillet welded joint 
The aim of the study is to find a numerical method to compute the J-Integral at the weld toe geometrical 
discontinuity modelling it like a V-Notch angle in the continuum of the structure. Going from this computation, the 
fatigue life of the welded detail is determined then by the use of a specific crack propagation law as described in the 
next section of this paper. 
Defined by Rice (1968), J-Integral is a contour integral around the crack tip given by  
³* ¹¸·©¨§ ww dSxutW dyJ i  (3) 
Where Γ is a contour around crack tip, ti is the traction vector and u the displacement vector on a dS incremental 
displacement on Γ. W is the strain energy defined as  
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The J-Integral is linked to the value K, the stress intensity factor thanks to which the stress intensity is described 
around the discontinuity by 
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Where r is the radius of a polar coordinates frame an origin at the crack tip and  TI jif ,  a proper function of 
assumptions on the basis of the work are that geometrical welding toe singularity has a predominating influence, 
structure is supposed to be under linear elastic condition, metallurgical discontinuity in the HAZ, residual stresses, 
other discontinuities, environmental influence have not been considered. Thanks to the aforementioned conditions 
the J-integral is coincident to the G of the LEFM theory and so it can be said that 
GJ   (6) 
Strains are computed by a simple numerical derivation of displacement in CAE Abaqus frame. Stresses and 
displacements are taken by CAE Abaqus results around a path represented in Fig. 2. 
  
 
Fig. 2. Example of path for data extraction 
Results from the model are stored in an Excel sheet and compiled a Matlab script in order to make the 
aforementioned computation. To ensure the stability of this computation (called by FEM in the following), it will be 
reproduced in inner contours taking displacements and stresses applying an asymptotic deduction from Williams’s 
expansion (Williams (1952)) 
OCrui   (7) 
Displacements being proportional, it can be stated that 
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The same asymptotic deduction has also been used for stresses. 
2. Fatigue design of welded joints 
2.1. Classical approach 
The Fatigue Crack Propagation (FCP) is the domain in which the propagation of a crack is studied under fatigue 
loading. One of the laws that governs the phenomenon is the Paris law  
mKC
dN
da '  (9) 
Where N is the number of cycles. C and m are two constants depending on the material properties. K' is the 
variation in a cycle of K between maximum and minimum stresses  
a
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and finally  Tag is a geometrical factor depending on both crack length and, global geometry and loading 
conditions. In the case of welded joint, it is given by Gurney (see Fig. 3) (Recho (2012)). 
A numerical approximation of the Gurney factor is made by applying Excel spreadsheet. Thanks to it and from 
experimental data, K value is computed for each crack length and the derivative dNda is evaluated numerically.  
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Fig. 3. Gurney Correction factor 
2.2. Present approach 
Knowing the potential energy of the studied welded joint, the energy release rate G can be determined by the 
following equation 
da
dW
G pot  (11) 
In elastic domain, the J-integral has the same value and meaning as the energy release rate and it can be 
computed with the given boundary conditions. 
The crack propagation law is the written as follows 
** mGC
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with C* and m* being material constants parameters. 
In order to compare the two approaches, G is related to K as the following: 
E
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3. Experimental and numerical conditions 
The experimental results were given by Lassen (1997). Tests are made on a cruciform welded joint represented 
with dimension in Fig. 4 (a).  
 
a  b   
Fig. 4. (a) Test specimen with dimensions (mm); (b) Model used for simulation 
Test experimental characteristics are: 
- a total of 42 specimens were tested, 
- the applied tensile axial stress amplitude is 150MPa,  
- the effective stress ratio is 0.5,  
- the frequency of the applied stress is 8Hz,  
- the other  environmental variables are at normal laboratory conditions. 
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The test specimens were monitored so the entire crack growth history given as the crack depth as a function of 
number of cycles for each specimen is known, not only the final fatigue life which had a mean value N = 576,000 
cycles with a standard of 326,000 cycles. This is close to the category 71 in the Eurocode 9. 
In order to apply our approach and pursue the experimental data, finite element models are made in order to 
compute the J-integral without and with cracks. Out of the V-notch region, cracks of 3, 5, 7, 10, 12, 15mm are 
considered to compute the fatigue life. J-integral computations are made with Matlab code. The value is the mean 
value between three contours at 1, 1.5 and 2.5mm from crack tip. In Fig. 4 (b), the finite element model is shown. 
From Matlab code, J-integral values are then determined. 
4. Comparison between the two approaches 
4.1. K-value computations 
The only difference between the two approaches is the way in which the K value is computed. Without 
considering errors due to interpolation, in Fig. 5 (a), it can be visualized the main differences. With the Gurney 
approach, K grows from zero to a value of 160MPa m  for large value of crack length. For the present approach, 
the K value starts at 7MPa m  and increases to 180MPa m  for crack length around 2mm.  
 
a  b   
Fig. 5. (a) K Values in two different approaches; (b) Particular 0-1mm K value from Gurney approach 
In Fig. 5 (b), an enlargement can be seen up to 1mm as the difference in little crack sizes of K value. At 1mm, 
with Gurney’s approach, K reaches a value of 16 MPa m  instead in our approach that rise up to 11MPa m . The 
start point and the curvature of the function for micrometric length are different. Resuming, the difference between 
the two approaches are for small crack size in which our approach starts from a value that is different from zero and 
for short cracks length in which our approach gives values that are bigger than Gurney’s one. 
4.2. Interpolation and prediction of fatigue life 
Once obtained the logarithmic plots the aim of the work has been to interpolate the data in order to find the 
coefficients m and C of Paris Law. In a logarithmic plot, it becomes 
   KmC
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§ logloglog  (14) 
A Matlab script is made in order to compute the median value of C and m that fit the experimental data with both 
approaches. The units applied are MPa and m for stress and length respectively. It results clearly that in Gurney 
approach, Paris straight line can be interpolated with a unique one slope m = 2.69 and C = 8.36 10-12(median value 
by the interpolation between the 5% and the 95% of crack length). In our approach, it is necessary to use two 
straight lines: a first one for short crack length of slope m = 7.60 and C = 2.63 10-16 and a second one with a slope 
m = 2.27 and C = 3.47 10-11. These interpolation coefficients are the median between initial values and the 20% 
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crack length and from this value to the failure. With these coefficients, the crack growth is simulated with an usual 
numerical integration. At each iteration, the number of cycles can be computed as follows 
   iKC
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idN m
i
'
  11  (15) 
With Gurney approach, results are obtained in Fig. 6 (a) and with our approach, it is obtained Fig. 6 (b): 
 
a  b   
Fig. 6. Interpolation of data with Gurney approach (a); Interpolation of data with J-integral approach (b) 
It is to be noted that a large dispersion exists. Nevertheless, the tendency to have a characteristic crack length 
separating two cracks growth behaviours is obvious in Fig. 6 (b). 
4.3. Importance of initial crack length 
In order to compute fatigue life, it is considered an initial crack length equal to the numerical integration 
increment that was 1μm. We consider that from this length, values make sense and Paris Law can be applied. In 
Table 1, it is reported, as example, some fatigue life values for each order of magnitude of initial crack length. It can 
be noticed the difference between values bigger or lower than 10μm. 
To find a value of initial crack length corresponding to the mean fatigue life (576,000 cycles) as obtained in 
experimental results, one can choose an initial crack length equal to 0.1-0.2mm for which the fatigue life is the same 
of the experimental one, when the Gurney’s approach is used. 
Once it has been found an equivalent crack length thanks to Gurney’s approach to compute the experimental 
fatigue life value thus it is computed the ratio between Gurney’s approach (GA) and our approach (OA) for the K 
value and for the number of cycles as function of crack length. Fig. 7 represents the ratio between the values of the 
number of cycles GAOA NN . 
Table 1.Fatigue life varying initial crack length, Gurney approach 
Initial crack length Fatigue life cycles 
1μm 1,771,300 
10μm 912,900 
100μm 520,200 
1mm 339,000 
 
   
Fig. 7. Ratio between cycle life value derived from notch and crack approach 
It can be seen that K value changes versus the crack length influenced by the curvature of K suggested by Gurney 
approach. Considering instead fatigue life ratio, GAOA NN , it can be noticed that the fatigue life is quite the same 
after 5mm crack length. Values after 5mm present an asymptote at 1. 
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5. Influence of the weld angle 
Our approach allows to study the influence of the weld toe angle on the K value and consequently on the number 
of cycles to failure. To investigate this aspect, K value is computed from J-integral value thanks to Abaqus for very 
short cracks. Results are given in Table 2. It can be well noticed that crack lengths at which difference is strong are 
those below 0.5 mm. Also, the 30° angle presents lower values than the other two angles. There are fewer gaps 
between the 45° and the 60°. 
Table 2. K values as function of crack length varying opening angle 
Crack [mm] 30° 45° 60° 
0.0 4.56 6.26 7.44 
0.1 7.13 8.90 9.76 
0.25 9.22 10.68 11.17 
0.5 11.22 12.39 12.64 
0.75 12.61 13.55 13.71 
1.0 13.77 14.54 14.64 
2.0 17.46 17.90 17.83 
3.0 20.80 21.05 20.96 
5.0 28.03 28.05 27.90 
7.0 37.00 36.90 36.70 
10.0 60.75 56.15 55.84 
12.0 76.24 75.71 75.27 
15.0 126.79 125.59 124.72 
 
A further study should find a correct relationship between the weld toe angle and the crack length at which the 
influence of the weld toe angle vanishes.  
6. Discussion and conclusion 
At the end of this study, it has been possible to demonstrate that the energy release rate can be used to predict 
with precision the fatigue life of welded joints. It is demonstrated that the Gurney’s approach gives an 
approximation of K value that starts from zero without considering the presence of the weld toe angle and 
consequently the local stress field due to that. Also, Gurney’s approach overestimates the fatigue life of the joint. 
Our approach gives a good prediction of fatigue life of the joint. That is done by determining an equivalent K value 
that starts from a value different from zero considering the presence of the weld toe as a V-notch. It should be noted 
here that our approach renders useless the choice of an initial crack length, which is mandatory in the classical 
approach. The weld toe angle is a factor that deeply influences the fatigue life. There is a crack length at which the 
singularity of the V-notch has no more influence. For this crack length, both the Gurney’s approach and our 
approach, give the same results. 
From computational point of view, the J-Integral approach is easily applicable and adjustable to every case 
without any correction once the finite element model is well simulated in Abaqus. Contrarily to that, the Gurney’s 
approach needs modifications in the formulation of K value if the geometry and the boundary conditions change.  
A further study on the initial crack length and on the weld toe angle influence can complete this study and give a 
new procedure to compute in a better way the fatigue life of welded joints and generally of any specimen containing 
a V-notch singularity (Cheng et al. (2012)). 
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